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Abstract
We give a criterion for the non-degeneracy of the symmetric tensor field on the moduli space of symplectic
structures that was introduced in [J. Fricke, L. Habermann, Manuscripta Math. 109 (2002) 405–417] and apply it
to nilmanifolds of dimension 6.
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Introduction
All symplectic structures on a symplectic manifold are, as a consequence of the Darboux theorem,
locally diffeomorphic, but may not be globally diffeomorphic. One of the central questions of symplectic
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phisms or isotopies. A natural approach to this is to investigate moduli spaces of symplectic structures.
In [2], J. Fricke and L. Habermann started to study geometric properties of the moduli spaceM0(M)
of isotopic symplectic structures on a closed symplectic manifold M . Applying symplectic Hodge theory
and the validity of the Brylinski conjecture for 2-forms, they equippedM0(M) with a symmetric tensor
field g with the intention to give M0(M) the structure of a (pseudo-)Riemannian manifold. However,
except the Kähler case, the question if g is really a pseudo-Riemannian metric, i.e., the question of the
non-degeneracy of g was left open.
It is the aim of this paper to prove a criterion for the non-degeneracy of g in terms of symplectically
harmonic (2n − 2)-forms. As a direct consequence, one obtains that, for any 4-dimensional symplectic
manifold M , the tensor field g is non-degenerate.
The paper is organized as follows. In Section 1, we outline the construction of the symmetric tensor
field g on the moduli spaceM0(M) and remind some basics on symplectic Hodge theory. Moreover, we
give an example which shows that M0(M) is not needed to be Hausdorff. To illustrate that symplectic
Hodge theory essentially differs from the Riemannian one, we also prove the existence of non-trivial local
exact symplectically harmonic forms. Section 2 is devoted to the proof of the main result (Theorem 2.3).
In the last section, we discuss the non-degeneracy of g for nilmanifolds.
1. The moduli space and ω-harmonic forms
Let M be a closed manifold and assume that M is symplectic in the sense that M admits a symplectic
structure, i.e., a 2-form ω such that dω = 0 and ωn is a volume form on M . Then M has to be of even
dimension 2n. We denote by Ωk(M) the space of all k-forms on M . Moreover, let
Zk(M) = {ϑ ∈ Ωk(M): dϑ = 0} and Bk(M) = {dη: η ∈ Ωk−1(M)}
be the spaces of closed and exact k-forms on M , respectively. Then
Hk(M) = Zk(M)/Bk(M)
is the kth deRham cohomology group and bk = dimHk(M) the kth Betti number of M . We shall denote
the deRham cohomology class of a form ϑ ∈ Zk(M) by [ϑ]DR.
The space S(M) of all symplectic structures on M is obviously an open subset of the vector space
Z2(M) and hence the tangent space TωS(M) to S(M) at any ω ∈ S(M) is Z2(M). The identity compo-
nent D0(M) of the diffeomorphism group of M acts on S(M) via
(ω,f ) ∈ S(M) ×D0(M) → f ∗ω ∈ S(M).
The moduli space we are interested in is the quotient space
M0(M) = S(M)/D0(M).
This space is a finite dimensional smooth manifold in the sense that it possesses a C∞-atlas. More pre-
cisely,M0(M) is canonically locally homeomorphic to the second deRham cohomology group H 2(M).
Therefore, the tangent space T[ω]M0(M) of M0(M) at the equivalence class [ω] of any ω ∈ S(M) can
be identified with H 2(M) and the dimension ofM0(M) is b2. The proof (see [2]) relies on the fact that,
for all ω ∈ S(M), the tangent space T (ω ·D (M)) to the orbit ω ·D (M) coincides with B2(M).ω 0 0
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example of a 6-dimensional symplectic manifold shown to us by D. McDuff. On the other hand, to our
knowledge, in all known examples in dimension 4, the moduli spaceM0(M) has the Hausdorff property
and it is still an open question if there are 4-dimensional symplectic manifolds M such that M0(M) is
non-Hausdorff.
Example 1.1. Let σ be a volume form on the sphere S2 satisfying∫
S2
σ = 1
and let (s, t) denote the canonical coordinates of the torus T 2. Then
ωλ = λσ ⊕ σ ⊕ ds ∧ dt
with λ ∈ R∗ gives a family of symplectic structures on the product manifold S2 × S2 × T 2. We define
Ψ :S2 × S2 × T 2 → S2 × S2 × T 2 by
Ψ (z,w, s, t) = (z,ψ(z, t)w, s, t)
for z,w ∈ S2 and (s, t) ∈ T 2, where ψ(z, t) :S2 → S2 denotes the rotation by the angle 2πt around the
axis through the origin and z. By Lemma 3.1 in [5], the symplectic forms Ψ ∗(ωλ) and ωλ on S2 ×S2 ×T 2
are isotopic for λ > 1. But they are not isotopic for λ = 1 (cf. [5, Note 2.2(D)]). Thus, the moduli space
M0(S2 × S2 × T 2) is not Hausdorff.
Before we can define a certain tensor field g onM0(M), we have to recall some facts from symplectic
Hodge theory. Let ω be a fixed symplectic structure on M and extend ω to k-forms by identifying TM
with T ∗M via the isomorphism
v ∈ TM → ω(v, ·) ∈ T ∗M.
Since ω is skew-symmetric on vector fields, it is symmetric and skew-symmetric on k-forms, if k is even
and odd, respectively.
The symplectic Hodge operator ∗ω :Ωk(M) → Ω2n−k(M) for 0 k  2n is defined by
ω(η,ϑ)ω(n) = η ∧ ∗ωϑ
for any η,ϑ ∈ Ωk(M). Here, we have used the abbreviation
ω(k) = ωk/k!.
In particular, ω(n) is the volume form on M given by ω. We note the following properties of the symplectic
Hodge operator (cf. [2, Lemma 2.4]). First,
(1.1)(∗ω)2 = id
and
(1.2)∗ωω = ω(n−1).
For any η ∈ Ω1(M),
(1.3)∗ η = η ∧ ω(n−1).ω
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(1.4)∗ωϑ = ∗ω(ϑ ∧ ω(n−1))ω(n−1) − ϑ ∧ ω(n−2).
Of course, for any χ ∈ Ω2n(M), the function ∗ωχ is determined by
χ = (∗ωχ)ω(n).
A form ϑ ∈ Ωk(M) is called ω-harmonic if and only if
dϑ = 0 and d ∗ω ϑ = 0.
For 2-forms, we have (see [2, Lemma 3.5]).
Lemma 1.2. A closed 2-form ϑ on M is ω-harmonic if and only if the function ∗ω(ϑ ∧ω(n−1)) is constant
on M .
The so-called Brylinski conjecture (cf. [1]) states that any deRham cohomology class has an ω-
harmonic representative. In [4], O. Mathieu disproved this conjecture (see also [7]). However, he also
showed that the Brylinski conjecture is valid for H 2(M), i.e., one has
Theorem 1.3. Let (M,ω) be an arbitrary symplectic manifold. Then any cohomology class a ∈ H 2(M)
can be represented by an ω-harmonic form.
As it is well known, in Riemannian Hodge theory, each cohomology class has a uniquely determined
harmonic representative. In contrast to that, as a consequence of the next proposition, if a cohomology
class can be represented by an ω-harmonic form, then there are infinitely many ω-harmonic representa-
tives of this class.
Proposition 1.4. Let (M,ω) be a symplectic manifold of dimension 2n. Then, for any 0 < k < 2n and any
non-empty open subset U ⊂ M , there exists a nontrivial exact ω-harmonic k-form ϑ on M with support
in U .
Proof. Since with ϑ also ∗ωϑ is an ω-harmonic form, we may restrict to the case 0 < k  n. By the
Darboux theorem, we may assume without loss of generality that (M,ω) is the product of symplectic
manifolds (M1,ω1), . . . , (Mk,ωk), where M1, . . . ,Mk−1 are 2-dimensional and Mk has dimension 2(n−
k + 1). Further, it suffices to consider that
U = U1 × · · · × Uk
for non-empty open subsets Uj ⊂ Mj . Now take functions uj ∈ C∞(Mj) such that
suppuj ⊂ Uj .
Then, obviously,
ϑ = du1 ∧ · · · ∧ duk
is an exact k-form on M and suppϑ ⊂ U . Moreover, in view of Lemma 2.3 in [2] and Eq. (1.3), we get
∗ ϑ = (−1)k(k−1)/2 (∗ du ) ∧ · · · ∧ (∗ du ) ∧ (∗ du )ω ω1 1 ωk−1 k−1 ωk k
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= (−1)k(k−1)/2ϑ ∧ ω(n−k)k
on U . Hence d ∗ω ϑ = 0, and the proposition is proved. 
Remark 1.5. We note that, by Eq. (1.3), any closed 1-form is ω-harmonic.
Now we construct a symmetric tensor field g onM0(M) as follows. For details see [2]. Setting
g˜ω(ϑ1, ϑ2) =
∫
M
ω(ϑ1, ϑ2)ω
(n)
for ω ∈ S(M) and ϑ1, ϑ2 ∈ TωS(M) = Z2(M), we first obtain a symmetric (2,0)-tensor field g˜ on S(M).
One checks that g˜ is invariant under the action of the diffeomorphism group of M and that, for any
ω ∈ S(M), the spaceH2(ω) of all ω-harmonic 2-forms on M is orthogonal to B2(M) with respect to g˜ω.
Thus, identifying T[ω]M0(M) with H 2(M) and applying Theorem 1.3, by
g[ω]
([ϑ1]DR, [ϑ2]DR)= g˜ω(ϑ1, ϑ2) for ϑ1, ϑ2 ∈H2(ω),
a symmetric (2,0)-tensor field g onM0(M) is defined.
2. The criterion
We now turn to the question under which conditions the tensor field g is non-degenerate and hence a
pseudo-Riemannian metric onM0(M). If n = 1, then (M,ω) is always a Kähler manifold. By Theorem
of 3.7 in [2], this already implies the non-degeneracy of g. So we only have to handle the case n 2.
Let ω be any symplectic structure on M and let Kω :H 2(M) → H 2n−2(M) be defined by
Kω
([ϑ]DR) := [ϑ]DR ∪ [ω(n−2)]DR = [ϑ ∧ ω(n−2)]DR.
Lemma 2.1. Let a ∈ H 2(M). Then g[ω](a,a′) = 0 for all a′ ∈ H 2(M) if and only if a ∈ kerKω.
Proof. Let ϑ ∈ Ω2(M) be any ω-harmonic representative of a ∈ H 2(M). By Lemma 1.2,
ϑ ∧ ω(n−1) = λω(n)
for some λ ∈R.
Assume first that g[ω](a,a′) = 0 for all a′ ∈ H 2(M). Then, in particular,
g˜ω(ϑ,ω) = 0.
On the other hand, by Eq. (1.2),
g˜ω(ϑ,ω) =
∫
M
ω(ϑ,ω)ω(n) =
∫
M
ϑ ∧ ∗ωω =
∫
M
ϑ ∧ ω(n−1) = λ
∫
M
ω(n).
Thus λ = 0 and hence ϑ ∧ ω(n−1) = 0. Applying Eq. (1.4), we arrive at
K (a) = −[∗ ϑ] .ω ω DR
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M
ϑ ′ ∧ ∗ωϑ = 0
for any ϑ ′ ∈ Z2(M), by Poincaré duality, the form ∗ωϑ has to be exact, and we obtain Kω(a) = 0.
Conversely, assume that a ∈ kerKω. Then
ϑ ∧ ω(n−2) = dη
for some η ∈ Ω2n−3(M). Consequently,
d(η ∧ ω) = dη ∧ ω = (n − 1)ϑ ∧ ω(n−1) = (n − 1)λω(n),
which, by Stokes’ theorem, implies that ϑ ∧ ω(n−1) = 0. Therefore, by Eq. (1.4),
∗ωϑ = −ϑ ∧ ω(n−2) = −dη.
This finally gives that g˜ω(ϑ,ϑ ′) = 0 for all ϑ ′ ∈ Z2(M), and the lemma is proved. 
Lemma 2.2. Let b ∈ H 2n−2(M). Then b has an ω-harmonic representative if and only if b ∈ imKω.
Proof. Let ζ ∈ Ω2n−2(M) be an ω-harmonic representative of b. By Eqs. (1.1) and (1.4),
ζ = ∗ω(∗ωζ ) = ∗ω(∗ωζ ∧ ω(n−1))ω(n−1) − ∗ωζ ∧ ω(n−2)
=
(
1
n − 1 ∗ω (∗ωζ ∧ ω
(n−1))ω − ∗ωζ
)
∧ ω(n−2).
Since ζ is ω-harmonic, the 2-form ∗ωζ is ω-harmonic, too. Applying again Lemma 1.2, one sees that the
2-form
ϑ = 1
n − 1 ∗ω (∗ωζ ∧ ω
(n−1))ω − ∗ωζ
is closed. Altogether, we obtain
Kω
([ϑ]DR)= [ϑ ∧ ω(n−2)]DR = [ζ ]DR = b,
which gives the first implication.
To prove the converse, suppose that b = Kω(a) for some a ∈ H 2(M) and let ϑ ∈ Ω2(M) be an ω-
harmonic representative of a. Then b is represented by ϑ ∧ω(n−2) ∈ Ω2n−2(M). We show that ϑ ∧ω(n−2)
is ω-harmonic. According to Eqs. (1.1), (1.2), and (1.4),
∗ω(ϑ ∧ ω(n−2)) = ∗ω
(∗ω(ϑ ∧ ω(n−1))ω(n−1) − ∗ωϑ)= ∗ω(ϑ ∧ ω(n−1))ω − ϑ.
This together with Lemma 1.2 implies
d ∗ω (ϑ ∧ ω(n−2)) = 0.
Since, obviously, ϑ ∧ ω(n−2) is closed, this concludes the proof. 
The non-degeneracy of g can now be characterized as follows.
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(i) The symmetric bilinear form g[ω] is non-degenerate.
(ii) Any cohomology class b ∈ H 2n−2(M) has an ω-harmonic representative.
(iii) The map Kω :H 2(M) → H 2n−2(M) is bijective.
Proof. Since, by Poincaré duality, H 2(M) and H 2n−2(M) are isomorphic, the assertion directly follows
from Lemmas 2.1 and 2.2. 
Observe that, as a consequence of Theorem 2.3, the non-degeneracy of g[ω] only depends on the
cohomology class [ω]DR of ω.
If n = 2, then, by Theorem 1.3, condition (ii) of Theorem 2.3 is always satisfied. Thus we have
Corollary 2.4. If M is 4-dimensional, then g is a pseudo-Riemannian metric onM0(M).
3. Application to nilmanifolds
There are, in fact, symplectic manifolds M for which the tensor field g degenerates. In view of Corol-
lary 2.4, such manifolds have to be at least 6-dimensional. Concrete examples can be found in the class
of nilmanifolds. As we shall see, in this class, degeneracy as well as several cases of non-degeneracy of
g occur.
Let Hkω(M) denote the space of those cohomology classes in Hk(M) that have an ω-harmonic repre-
sentative and set
hk(ω) = dimHkω(M).
Clearly,
hk(ω) bk.
Furthermore, by Theorem 1.3,
h2(ω) = b2.
According to Theorem 2.3, the equation
h2n−2(ω) = b2
is equivalent to the non-degeneracy of g[ω].
In [3], the authors describe the behavior of hk(ω) with respect to different symplectic structures over
6-dimensional nilmanifolds. For our purposes, it suffices to look at h4(ω).
In the following, let M be a compact nilmanifold, i.e., a homogeneous space G/Γ , where G is a
simply connected nilpotent Lie group and Γ is a discrete co-compact subgroup of G. As well known, up
to an automorphism of G, there is only one such subgroup. Thus, M is completely determined by G and
hence completely described by the Maurer–Cartan structure equations
dαk =
∑
1i<j<kd
c
ij
k αi ∧ αj ,
where {α , . . . , α } is a basis of the vector space of left-invariant 1-forms on G.1 d
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and [6].
Example 3.1. If the structure of M is given by
dαk = 0 for k = 1, . . . ,6,
then, for any ω ∈ S(M), it holds h4(ω) = b2 = 15. Hence, for this M , the tensor field g is non-degenerate
everywhere.
Remark 3.2. Of course, in the example above, M is the 6-dimensional torus. One can generally show
(cf. [2]) that, in the case where the underlying manifold is the 2n-dimensional torus, g is a pseudo-
Riemannian metric of signature (n2, n2 − n).
Example 3.3. If the structure of M is given by
dα1 = dα2 = dα3 = 0,
dα4 = α1 ∧ α2,
dα5 = α1 ∧ α3,
dα6 = α2 ∧ α3,
then b2 = 8 and h4(ω) takes the values 7 and 8. More concretely,
ω1 = α1 ∧ α4 + α6 ∧ α2 + α5 ∧ α3
and
ω2 = −2α1 ∧ α6 − α4 ∧ α3 − α2 ∧ α5
are symplectic structures on M such that
h4(ω1) = 7 and h4(ω2) = 8.
Hence, here we have an example of a symplectic manifold having ω ∈ S(M) such that g[ω] degenerates
as well as ω ∈ S(M) such that g[ω] is non-degenerate.
Example 3.4. In the last example, let the nilmanifold M be given by
dα1 = dα2 = dα3 = dα4 = dα5 = 0,
dα6 = α1 ∧ α2.
Then, b2 = 11, whereas h4(ω) = 9 for all ω ∈ S(M), which says that g degenerates at every point.
For completeness, we note that, in [7], D. Yan studied the behavior of hk(ω) over 4-manifolds. In
particular, he observed that, on 4-dimensional compact nilmanifolds, hk(ω) does not vary for different
symplectic structures ω. Of course, in view of Theorem 1.3 and Remark 1.5, one has to check this only
for k = 3.
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